In this article, we develop new upper and lower bounds on American option prices which improve the bounds by Broadie and Detemple. The main idea is the consideration of doubly capped call options which have two cap prices. We present a new option price approximation based on the two upper bounds. On average, our upper bound extrapolation (named UBE) has an average accuracy better than a 1,000 time-step binomial tree with a computation speed comparable to a 100 time-step binomial tree. We also provide a new method of approximating the optimal exercise boundaries of American options.
Introduction
In their seminal paper, Black and Scholes (1973) introduced a closed-form solution for European options. However, American options have the early exercise feature which creates difficulties in the valuation problem. Since a wide variety of traded options are American options, the problem of valuing American options is an important topic in financial economics. Many papers have focused on this topic and introduced numerical approximation methods. Broadie and Detemple (1996) , Huang, Subrahmanyam, and Yu (1996) and Ju (1998) provide a good overview of the literature. Broadie and Detemple (1996) and Ju (1998) tested a wide array of methods of approximating American option prices in terms of speed and accuracy. The lower and upper bound approximation (LUBA) in Broadie and Detemple (1996) , the piecewise exponential boundary approximation in Ju (1998) and the randomization of maturity in Carr (1998) dominate other methods. Of these three methods, the LUBA has the special advantage of providing lower and upper bounds on the option price and a lower bound on the optimal exercise boundary as well as an accurate price approximation. The bounds were developed based on the fact that any capped call option value with one constant cap is bounded above by the American call option value. However, a weak point of the LUBA is that it needs regression coefficients. In order to estimate the regression coefficients, accurate prices for a large number of options must be computed.
Because it depends on the regression technique, it cannot improve the accuracy and it is not convergent.
Extending the work by Broadie and Detemple (1996) , this article provides improved lower and upper bounds on the theoretical American call option price and also proposes a tighter lower bound on the optimal exercise boundary of the American call option.
1 Our work uses doubly capped call options which have different cap prices in consecutive time intervals (see Section 2). Though doubly capped call options are not traded in the real world, we imagine them just hypothetically. With controlling two constant cap prices in different time intervals, we can get a higher option value than with one cap. However it is not simple to manage two variables simultaneously. We will fix one cap price suitably and compute a lower bound on the optimal exercise boundary of the American call option. It improves over the bound by Broadie and Detemple (1996) . From this lower bound, an improved upper bound on the theoretical option price can be obtained. Based on the two upper bounds (Broadie and Detemple' s and ours) on the option price, we provide a new option price approximation, termed UBE (upper bound extrapolation). Though the UBE is more time consuming than the LUBA, it can improve accuracy and it does not need any regression coefficient. It is convergent in the following sense. As more and more cap prices are considered, its value becomes more and more accurate. However, we apply only two cap prices because we have to compute so many multivariate cumulative normal distribution functions with three or more cap prices. For an optimal exercise boundary approximation, the extrapolation of the two lower bounds also generates accurate results. Since our approach uses the optimal exercise boundary, hedge parameters can be calculated analytically as in Huang, Subrahmanyam, and Yu (1996) .
This article is organized as follows. Section 1 reviews the work by Broadie and Detemple (1996) on the bounds on the American call option price. In Section 2, we introduce doubly capped call options and present improved bounds on the American call option price. Section 3 proposes some option price approximations based on the upper bounds, and compares these methods with several existing methods in terms of speed and accuracy. Section 4, applies doubly capped call options to the approximation for American capped call option prices. Concluding remarks are given in Section 5. Proofs and explicit formulas are collected in the Appendix.
Review of Broadie and Detemple (1996)
This section defines notations and summarizes bounds on an American option value suggested by Broadie and Detemple (1996) . For the development of our new bounds in Section 2, more investigations on their work are contained in the remarks. Consider an American call option with maturity T and exercise price K . We assume that the underlying asset price S follows the stochastic differential equation: 
, the value of the capped call option is given by
where
For
is bounded above by the American call option value ) ( t S C and
be the optimal solution of L and the optimal value, i.e.
This lower bound ) (
in Equation (4) improves over the European call option value and the immediate exercise value.
To compute an upper bound on ) ( t S C , the following integral formula in Kim (1990) (see also Carr, Jarrow, and Myneni (1992) and Jacka (1991)) was used: Black and Scholes (1973) :
where ) (⋅ N is the cumulative standard normal distribution function and Broadie and Detemple (1996) proved that an upper bound on the American call option value can be calculated from Equation (5) with a lower bound on the optimal exercise boundary. Their lower bound 
where ) , ( t L D is the derivative of the capped call option value with respect to the constant cap
is represented explicitly in Proposition A1 in the Appendix. The numerical solution of Equation (7) (1 )
where the coefficient 1 0 ≤ ≤ λ determined by the weighted regression approach described in the Appendix B in Broadie and Detemple (1996) .
In the next section, a procedure to compute an improved lower bound on 
Remarks on
where note that and Detemple (1996) , if
). 
In the next section, we will find an exercise policy which makes the option value higher than the option value with the capped exercise policy. Thus a lower bound on 
These remarks can be summarized as follows: under the condition
Improved bounds
Consider a doubly capped call option written on the same underlying asset with maturity T . For
L is the price cap by time 1 T , and 2 L is the price cap between 1 T and T . 4 See Figure   1 for an illustration. 
represents the capped call option value with remaining time to maturity
. An explicit formula for the right hand side of Equation (11) is given in Proposition A2 in the Appendix. From now on, we will fix
the mid point of t and T .
[Insert Figure 1]
Since the above doubly capped exercise policy is an admissible policy for the American call option,
As in Section 1, we can obtain an improved lower bound on
with respect to two cap prices 1 L and 2 L . The lower bound ) ( 2 t l S C is defined as follows:
However, the above maximizing problem is not simple to compute because it contains two variables. We will focus on the upper bound explained in the next paragraphs.
To compute an improved upper bound on the theoretical American call option value, we try to find a lower bound on 
Proposition 1)
Proof) See the Appendix.
we define the following equations analogous to Equation (8):
or to Equation (10):
and let
denote the solution of the following equation: Proposition 2) Detailed procedures and the numerical results of our approximations will be discussed in the next section.
[Insert Table 2] [Insert Table 3] 
Implementation and Computational Results
To increase the computational efficiency, we have to find methods that need a small number of points for 
In the case of BEI6-60 method, the first step is different. 
we chose the above couples of numbers.
In order to examine the accuracies of our methods, we tested 2400 options. We compare our methods with the binomial methods (denoted BN), the binomial Black-Scholes Richardson extrapolation of Broadie and Detemple (1996) (denoted BBSR), the recursive integration methods of Huang, Subrahmanyam, and Yu (1996) (denoted HSY) and the LUBA. We fix K =100 and vary other parameters as follows: r =0, 0.025, 0.05, 0.075, 0.1, δ =0.025, 0.05, 0.075, 0.1, σ =0.1, 0.2, 0.4, 0.6, T =0.1, 0.3, 0.5, 1.0, 2.0, 3.0, S =80, 90, 100, 110, 120. These parameters are in the sample set that was used to estimate the regression coefficients of the LUBA method in Broadie and Detemple (1996) . To take advantage of the computation of critical stock prices, we priced 5 options of different stock prices for a given set of other parameters. We use the binomial method with 40,000 time steps as our benchmark for the true values.
Based on the results of testing 2400 options, the speed-accuracy trade-off of the above American option pricing methods are given in Figure 2 . This accuracy level is better than that of a 1,000 time-step binomial tree. For the RMSRE in Figure 3 , our methods also represent better performance than the LUBA, though the degree of the improvement is not as high as for the RMSE. Compared with other methods, the LUBA is better with the RMSRE than with the RMSE, because the regression coefficients are chosen so as to minimize the RMSRE. Consequently, our methods are more accurate than the LUBA, though they need more computing time. For the hedge ratio Δ , we can use the following analytic formula derived from Equation (5):
Like the option values, Δ can be approximated by using the extrapolation and the control variate technique. Table 4 presents computational results for the hedges associated with the 20 options in Table 3 . Table 4 contains the values by extrapolation after integrations (the UBE style). We use the extended tree method described in Pelsser and Vorst (1994) to compute Δ using the binomial method.
Although Ju (1998) pointed out the possibility of large errors when Δ is computed using the LUBA method, our results in Table 4 show that this approach performs well with the parameters selected here.
Maybe it is because the LUBA uses some regression coefficients. Our methods have an RMSE smaller than a 1,000 time-step extended binomial tree (by about 1/2~1/3).
[Insert Table 4] 
Application to American Capped Call options
In this section we consider an American capped call option on the underlying asset S with constant cap L , maturity T and exercise price K . The American capped call option is a special case of barrier options, since it can be viewed as an up-and-out call option with rebate K L − . As shown by Gao, Huang, and Subrahmanyam (2000) , some barrier options have analytic pricing formulas similar to Equation (5) and the recursive integration method of Huang, Subrahmanyam, and Yu (1996) , or the multi-piece exponential boundary approximation method of Ju (1998) can be applied to approximations of their formulas. Analytic pricing formulas of American capped call options are provided by Detemple (1995, 1997) and Gao, Huang, and Subrahmanyam (2000) . However, it is not simple to compute the option values from their formulas. Lattice pricing methods for barrier options (containing capped options) were developed by Boyle and Lau (1994) , Ritchken (1995) and Figlewski and Gao (1999) . A drawback of the lattice methods is that they are difficult to implement when the barrier (or cap)
is close to the current price of the underlying asset (the near barrier problem). Our next paragraphs introduce two lower bounds on the American capped call option price and suggest that their extrapolated value can be an approximate option price.
The optimal exercise boundary B of the American capped call option is described as follows (see Broadie and Detemple (1995) ): t . Table 5 tests the accuracy of the above approximation with 85 . 0 = η . We use the trinomial tree method in Ritchken (1995) with 20,000 time steps as our benchmark for the true values. Our method does not have the near barrier problem and it is better than at least 200 time-step trinomial method by Ritchken (1995) in both speed and accuracy. The extrapolation coefficients and η can be adjusted in favor of high accuracy, but that may be another study.
[Insert Table 5] 
Conclusion
The optimal exercise boundary of an American call option is the critical level such that the immediate exercise value is not less than the value of the American call option which has the optimal exercise policy.
However, the American call option value is not simple to compute. If the value of an option with a certain admissible exercise policy can be calculated easily, then we may find the critical level such that the immediate exercise value is not less than the value of the option with the admissible exercise policy. It is a lower bound on the optimal exercise boundary. The higher the option price is, the tighter the bound.
In this article, we have introduced doubly capped call options and computed an improved lower bound on the optimal exercise boundary of the American call option. The optimal exercise boundary can be approximated with an RMSRE of 0.03% in Table 1 without recursive computations. We have presented improved bounds on the price of the American call option and introduced the UBE and BEI methods for the option price approximation. When we implement the UBE and the BEI, we note that * L can be computed very quickly. So the control variate technique using * L is an efficient tool to compute the early exercise premium. If accurate optimal exercise boundary could be calculated efficiently at several points, then the American option could be priced by the control variate technique. Our UBE does not need any regression coefficients and it generates successful results. On average, it is more accurate than a 1,000 time-step binomial tree with a computation speed comparable to a 100 time-step binomial tree. It also represents good performance in approximating hedge ratios. Consequently, by extending the work by Broadie and and Detemple (1996) , we could get better results in both bounds and approximations.
Two lower bounds on an American capped call option value have been introduced and their extrapolation provided a good approximation for the American capped call option value. The extrapolation coefficients may be adjusted in order to give high accuracy.
Proof of Proposition 1) Assume
represents the capped call option price with remaining time to maturity 1 T T − . The first term in the above expectation is the same as the first term in Equation (11). For the remaining terms, note the assumption
. From the remarks in section 1, we know that
Proposition A1) (Broadie and Detemple (1996) 
is the bivariate cumulative normal distribution function defined by 
Foot notes
1. By put-call symmetry, this can be applied to put options. For the optimal exercise boundary of any American put option, an upper bound can be obtained. Broadie and Detemple (1996) .
It was introduced by
This condition holds (at the optimum) when the solution of the maximization problem in Equation (4) 7. It is analogous to the formula of the delta of a put option represented in Huang, Subrahmanyam, and Yu (1996) . 8. The extrapolation coefficients can be adjusted. According to Table 5 , if we determine them relating to the ratio t S L / , we may get more accurate approximation for option values.
9. For the approximation of the bivariate cumulative normal distribution function, see Hull (2000) p.272. The 'True value' column is based on the recursive numerical integration method in Kim (1990 Kim ( , 1994 with 200 = n time steps per year.
* L is the solution of Equation (7) based on Broadie and Detemple (1996) .
is the solution of Equation (15) . LB1 and UB1 are based on the method in Broadie and Detemple (1996) . LB2, UB2 are based on the method in Section 2. The LBE and the UBE are the extrapolations of the lower bounds and the upper bounds respectively. The BEI is the boundary extrapolation and integration method. UB1, UB2
and BEI are calculated with 200 time steps. The "true value" column is based on the binomial method with 40,000 time steps. . LB1 and UB1 are based on the method in Broadie and Detemple (1996) . LB2, UB2 are based on the method in Section 2. The LBE and the UBE are the extrapolations of the lower bounds and the upper bounds respectively. The BEI is the boundary extrapolation and integration method. UB1, UB2
and BEI are calculated with 200 time steps. The "true value" column is based on the binomial method with 40,000 time steps. . LUBA is based on the method in Broadie and Detemple (1996) . UBE columns are based on the methods in this article. The HSY columns are based on the recursive integration method of Huang, Subrahmanyam and Yu (1996) with discretizations of 4, 8 and 12 point. The BN 1000 represents the extended binomial method with 1,000 time steps. The "true value" column is based on the extended binomial method with 40,000 time steps. ). The "true value" column is based on the trinomial method in Ritchken (1995) with 20,000 time-steps. "LBE" and "Ritchken"
columns represent the extrapolation of lower bounds described in Section 4 and the trinomial method in Ritchken (1995) Broadie and Detemple (1996)) results are based on the 12, 24, 50, 100 and 200 time steps. The HSY (recursive integration method of Huang, Subrahmanyam and Yu (1996) ) results are based on the discretizations of 4, 6, 8, and 10 points.
The LUBA represents the lower and upper bound approximation of Broadie and Detemple (1996) . The Broadie and Detemple (1996)) results are based on the 12, 24, 50, 100 and 200 time steps. The HSY (recursive integration method of Huang, Subrahmanyam and Yu (1996) ) results are based on the discretizations of 4, 6, 8, and 10 points.
